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Abstract
We study the possibility of non-singular black hole solutions in the theory of gen-
eral relativity coupled to a non-linear scalar field with a positive potential possessing
two minima: a ‘false vacuum’ with positive energy and a ‘true vacuum’ with zero
energy. Assuming that the scalar field starts at the false vacuum at the origin and
comes to the true vacuum at spatial infinity, we prove a no-go theorem by extend-
ing a no-hair theorem to the black hole interior: no smooth solutions exist which
interpolate between the local de Sitter solution near the origin and the asymptotic
Schwarzschild solution through a regular event horizon or several horizons.





In a recent paper Daghigh, Kapusta and Hosotani [1] proposed a new type of a black hole
in the theory of general relativity coupled to a non-linear scalar eld with a potential. A
quartic non-symmetric potential was assumed to have one minimum of positive energy
(false vacuum) and another of zero energy (true vacuum). In the false vacuum state, a
possible solution is the de Sitter metric, while for the scalar eld at the true vacuum one
can assume the Schwarzschild metric. The ‘false vacuum black hole’ was suggested to be
given by the Schwarzschild solution outside the event horizon and the de Sitter solution
inside the black hole. The scalar eld was supposed to have a constant false vacuum value
inside the black hole and a constant true vacuum value outside with a nite jump at the
horizon. It was argued that the matching of these solutions can be achieved due to the
jump of the product of the metric functions gttgrr. If correct, this proposal could lead to
intriguing physical implications like new kinds of black hole remnants or the possibility
that we live inside an enormous black hole.
Meanwhile, the problem of incorporating the de Sitter metric inside the black hole is
by no means new. The idea that sigularitities can be avoided by matter with an ‘infla-
tionary’ equation of state was forwarded by Gliner [2] long before the inflation scenario
was proposed in cosmology. It was also suggested that the limiting curvature principle
of Markov [3] may be realized in the black hole context as the appearence of a de Sitter
world instead of the singularity [4, 5]. A similar issue was discussed using the idea of
vacuum polarisation [6] and in the ‘cuto’ curvature approach [7, 8]. Some phenomeno-
logical matter sources were suggested ensuring a de Sitter nucleus inside the black hole
[9, 10]. It was also shown that, under perturbations, the de Sitter metric emerges inside a
charged black hole in the development of an instability of the internal Cauchy horizon, a
phenomenon called mass-inflation with an exponential growth of the local mass function
[11]. Such a growth has also been observed inside static Einstein-Yang-Mills black holes
when the singularity is approached [12, 13, 14]. A closely related subject { the avoidance
of singularities inside black holes not neccessarily related to the de Sitter solution { has
attracted much attention recently. Such a possibility was described by Bardeen in 1968
[15] as a modication of the Reissner-Nordstro¨m metric. Recently a non-linear electro-
dynamics lagrangian was found producing a Bardeen type metric [16]. Phenomenological
sources for non-singular black holes were discussed in [17, 18]. In addition, we mention
some investigations on the dynamics of time-dependent bubbles with false vacuum inside
(and hence de Sitter metric inside) and a black hole metric outside (for a recent discussion
see [30]). Thus, the main surprise of the paper [1] is a claim that an internal de Sitter
metric can be accommodated to a black hole as a static solution within such a simple
model as the scalar theory with a non-symmetric potential.
Here we investigate the problem of matching the de Sitter and the Schwarzschild met-
rics in the context of this model in more detail. First we show that the piecewise solution
suggested in [1] cannot be interpreted in terms of distributions and is likely to demand
additional singular matter sources at the horizon. Then we discuss the possibility of more
complicated smooth solutions assuming more general positive non-symmetric potential
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with two minima. First, using only a local analysis we explore the possibility of matching
the internal and external solutions at the horizon attached to the local maximum of the
potential. It turns out that both inside and outside the black hole one encounters timelike
regions (with ∂t spacelike). Finally, we discuss the problem from a global viewpoint, in the
spirit of no-hair theorems. We prove a no-go theorem by extending the no-hair argument
to the black hole interior and showing that the model does not admit smooth solutions
in which the scalar eld starts at the false vacuum at the origin and comes to the true
vacuum at innity with one or several horizons at nite values of the radii of spherical
sections. Some open possibilities for false vacuum black holes are then briefly discussed.
2 The model












with a smooth potential V for which we assume a general behavior as shown in Fig.1.
In what follows the potential is not necessarily quartic. We need only that near minima,
−φ1 and φ2, it can be approximated by parabolae









k2(φ− φ2)2 + O((φ− φ2)3), (3)
with positive constants V1, k1, k2, and the local maximum is at φ = 0, with V (0) = V0 > 0.






is nite for nite φ.
Assuming spherical symmetry and staticity we write the metric in the curvature gauge
ds2 = σ2Ndt2 − dr
2
N
− r2dΩ , (5)
where σ and N are functions of r. For N we will also use the following two parametriza-
tions:

























φ1 φ2 φ- 0
Figure 1: The potential V as a function of φ.
The variable σ can be excluded from the Eq. (9) using Eq. (7). Denoting ξ = rφ0, one
can rewrite the equations of motion as a system of three rst order equations for φ, ξ, 
0 = −
r
ξ2 + U, (10)






U = 1− 2r2V, (13)
and an equation for σ, i.e. Eq. (7), which can be solved once the solution of the system
(10-12) is found. A mechanical analogy is useful for the scalar eld equation (9) regarding
r as the mechanical time. Then the role of the potential will be played by −V in the
spacelike region ( > 0) and by V in the timelike region ( < 0, if any). Thus, a ‘particle’
departing from one of the vacua will be forced to climb the barrier if  > 0, but will be
turned back if  < 0.
One trivial solution to the system (10-12) corresponds to the scalar eld sitting at the
left local minimum of the potential (false vacuum):




This is the de Sitter spacetime with the cosmological horizon at






Another trivial solution is the Schwarzschild metric. This corresponds to the true vacuum
φ  φ2, σ  1, N = 1− M
r
, (16)
with nite mass M . Note that any constant value of the metric function σ may be rescaled
to unity by a time scaling.
3 Piecewise solution
Let us try, following [1], to construct a piecewise solution to the Eqs. (10-12) assuming
for the scalar eld a step-like behaviour
φ = −φ1θ(rh − r) + φ2θ(r − rh), (17)
i.e., the false vacuum value inside the black hole and the true vacuum value outside. The
eld equations will be satised for r < rh with the de Sitter metric




(where the constant value σ0 can be removed by a rescaling of time), and for r > rh with
the Schwarzschild metric




the event horizon coinciding with the de Sitter cosmological horizon. This suggests the
following representation for the metric functions:




θ(rh − r) + rh
2
θ(r − rh). (21)
However, an attempt to check whether this solution remains true at the horizon r = rh
in the sense of distributions fails because the system (10-12) is highly non-linear. This
could be expected: distribution-valued metrics and curvature can be introduced in general
relativity only under special conditions (see, e.g., [19]). Perhaps more satisfactory results
could be obtained in the framework of the generalized functions approach by Colombeau
[20], but it will be enough for our purposes here to use a simple regularization for the
delta-function
δ(x) = lim




Dierentiation of Eq. (17) gives
ξ = rh(φ1 + φ2)δ(x), x = r − rh, (23)
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Near x = 0 one also has
 = x [θ(x)− 2θ(−x)] , (25)













ϕ(x)xδ2(x)dx = 0. (27)
Dropping therefore the rst term in the right hand side of Eq. (8) one can verify the





However, the situation with other equations is less satisfactory. For the solution under
consideration Vφ = 0, while the left hand side of the Eq. (9) contains a delta-singularity.





= rh(φ1 + φ2)
2δ(0), (29)
(this is easy to check using the regularization (22)). The structure of other singularities in
the Einstein tensor is likely to exhibit the presence of extra matter at the horizon surface.






























while the right hand side of the Einstein’s equations for the scalar eld is given by
8piT tt = Nφ
02 + 2V, (33)
8piT rr = −Nφ02 + 2V, (34)
8piT θθ = Nφ
02 + 2V. (35)
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The tt-equation coincides with the Eq.(8) and it is satised at the horizon. The rr-
equation is satised as well after omitting the products xδ2(x) as we argued above. But
the situation is more complicated with the θθ-equation. Indeed, dierentiating (25) one
obtains a delta-term
00 = 3δ(r − rh), (36)
which is not canceled by other terms in this equation. The same is true for the singular
term containing 0σ0/σ. All this looks like showing the presence of extra matter at
the horizon. This is not very surprising: the piecewise model emerges when the scalar
theory is treated like a vacuum theory with a step-like cosmological constant. But if the
cosmological constaint is variable, the Bianchi identities require additional matter to be
invoked [21].
Therefore it is hard to adopt the piecewise metric (20), (21) as a true solution to the
Einstein equations with a scalar source.
4 An attempt of a smooth matching at φ = 0
One can imagine that a true solution with similar properies exists which is deformed
from the above simple form in the vicinity of the horizon. Here we perform a purely
local analysis of the behavior of the presumed smooth solution near the horizon assuming
that the latter corresponds to a ‘natural’ point φ = 0, i.e., to the local maximum of the
potential shown in Fig. 1. Then Vφ(rh) = 0 and we get from the Eqs. (10,11)
0h = Uh, ξhUh = 0. (37)
(Here we also used the fact that ξ2 vanishes at the horizon, this remains true even if ξ
diverges, see the next section). So either
i) Uh = 0, ξh arbitrary,
or
ii) ξh = 0, Uh arbitrary.
Consider rst the case i). Then 0h = 0 and the horizon is degenerate ( has a zero of




x2 + O(x3), (38)
where x = r− rh, and α should be positive to ensure the timelike character of the Killing
vector ∂t outside the horizon. Now expand the Eq. (10) to linear order in x. Equating
the linear terms one gets:
α = U 0h, (39)
with U 0h being the value of the derivative of (13) at the horizon. It can be represented as










and by the assumption i)
2r2hVh = 1. (42)
It follows that
α = − 2
rh
, (43)
therefore ∂t is spacelike outside the horizon. By denition, the event horizon is the largest
root of the equation  = 0, so this solution can not describe a black hole.
Consider now the case ii). If ξh = 0 and Uh 6= 0 an expansion for  will contain a
linear term
 = Uhx +
α
2
x2 + O(x3), (44)
while ξ starts as
ξ = ξ0hx + O(x
2). (45)
Now, collecting linear terms in the Eq. (10) we get again Eq. (43) for α, so the expansion
of  will read












Now the region with the timelike ∂t is between the horizons, while outside it ∂t is spacelike
again.
So the result of our attempt is disapointing: one cannot smoothly match the solutions
with both interior and exterior spacelike metrics at the horizon attached to the ‘natural’
point φ = 0.
5 No-go theorem
Now we would like to study the problem in a more general setting: whether a static
spherically symmetric smooth solution to the model (1) exists which is locally de Sitter
near the origin (with ∂t timelike) and asymptotically Schwarzschild with one or several
regular horizons in the intermediate region. More precisely, we will assume that near the
origin the space-time is flat:
N(0) = 1, σ(0) = σ0 6= 0, (47)
(the constant value σ0 can be eliminated locally by rescaling of time), and the scalar eld
is at the false vacuum
φ(0) = −φ1; (48)
while at innity the solution is asymptotically flat







, σ(1) = 1, (49)
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and the scalar eld is at the true vacuum:
φ(1) = φ2. (50)
We will give a non-existence proof in two steps: rst we invoke the no-hair argument
for the exterior region, and then we extend it to the black hole interior. The exterior
no-hair theorem for an Abelian Higgs model was proven by Adler and Pearson [22] (for
an improved version see [23, 24]). In [22] the Goldstone model was also considered for
the Mexican hat potential. Here we deal with the real scalar eld with a more general
positive potential, so it is worth giving the no-hair proof explicitly.
The niteness of the ADM mass M imposes restrictions on the rst subleading term
in the asymptotic expansion of the scalar eld at innity. Integrating the Eq. (8) from













where the rst term is the ‘bare’ mass, and the second one is the contribution of the
scalar hair. Both terms in the integrand are positive semidenite, so each of them should
be integrable. For convergence of the second term at innity it is necessary that V as a
function of r decays faster than r−3. In view of the Eq. (3) this translates to













so the rst term in Eq. (51) is also integrable at innity. From the Eq. (7) it then follows
that at innity






with a negative subleading term, where the constant was set to unity in conformity with











so σ is bounded to the interval
0 < σ  1. (56)
Here the lower bound σ = 0 could be reached at a point where the integral in the
exponential diverges. However in view of the assumption (47) σ remains non-zero at the
origin, and being a non-decreasing function, remains strictly positive elsewhere.
We now discuss the behaviour of the solution near the event horizon. An assumption
of regularity implies that the mixed components of the energy-momentum tensor (33-35)
are nite, so ξ should satisfy
lim
r!rh
Nξ2 = C2, (57)
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with some C  0, while φ should not diverge in view of our assumptions about the
potential V (also implying the niteness of the derivative Vφ). These conditions ensure
the convergence of the integral (51) at the horizon. One can obtain a stronger condition




ξ3 = r2Vφ. (58)








+ nite terms = r2Vφ. (59)
The right-hand side of this equation remains nite as r ! rh, while the rst two terms
on the left-hand side are positive semidenite (recall that N 0h  0 ) and diverge (for a




Nξ2 = 0. (60)
(An alternative proof of this relation follows from the convergence of the integral in the
exponential in the Eq. (55).) From the Eq. (57), a weaker condition also holds
lim
r!rh
Nξ = 0. (61)
Now we can give a no-hair proof similar to that of Adler and Pearson [22].From the






















Integrating it from the horizon to innity and taking into account the condition (60),





























dr = −2r2hVhσh, (65)
where Vh is the value of the potential at the event horizon. Since σ is strictly positive,
the potential is positive semidenite, and   0 everywhere in the integration region, it
follows that both the left hand side and the right hand side of this equation are strictly
zero, which implies
φ  φ2 (66)
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for all r  rh. Thus the event horizon should correspond to the absolute minimum (true
vacuum) of the potential. Consequently, the black hole is exactly Schwarzschildean for
an external observer.
Now let us look to the interior of the black hole. Since we assume that the Killing
vector ∂t is timelike in the vicinity of the origin, there are two possibilities: either there
exist an internal Cauchy horizon at some r = r− (more generally an odd number of
internal horizons), or the event horizon at r = rh is degenerate. The second possibility
is a limiting case of the rst, so we assume that there are two solutions r = r of the
equation  = 0 such that r−  r+ = rh (the generalization of the following proof to




Nφ0 = 0. (67)
At the origin φ has a nite limit −φ1 and is (by assumption) a smooth function, therefore
lim
r!0 r
2φ0 = 0. (68)
Then, integrating the Eq. (9) form the origin to r−, and taking into account boundedness









It follows that either
i) φ(r) = −φ1 for all r 2 [0, r−],
i.e. the solution is exactly de Sitter up to r = r− in which case r− = rc given by the
Eq. (15), or
ii) φ(r−) 2 (0, φ2],
i.e. the inner horizon is attached to the right wing (0, φ2] of the potential curve, see Fig.1.
The case i) means that there is a global solution such that φ is identically constant
in the nite interval [0, r−], φ is equal to a dierent constant along the semi-axis [r+,1),
but φ is varying in the interval (r−, r+). Impossibility of a smooth solution of such a
kind can be made clear from a mechanical analogy: the particle sitting at the bottom of
the potential well for a nite time cannot start moving unless it is pushed, since all the
derivatives of φ at the initial moment are zero by continuity. To get an idea how this
follows from the eld equations, consider a vicinity of the event horizon r = r+, where
V = 0 and hence U = 1, while  = r − r+ = x. Then the leading terms in the Eq. (11)
give the following equation for ξ:
xξ0 = −ξ. (70)
The singular solution ξ = 1/x for x < 0 can not be matched to ξ  0 for x > 0 (and does
not satisfy (60)), therefore the correct solution is ξ = 0.
11









Here Vφ  0, and therefore Vφ  0 in [r−, r+] which implies
r− = r+, φ(r−) = φ2, (72)
that is the event horizon is degenerate. But then we come back to the step like solution
(17) which faces the problems discussed in the Sec. 2 and should be ruled out by the
smoothness assumption. This completes the proof.
6 Conclusion
Our results are the following. First, we have shown that the piecewise false vacuum black
hole presented in [1] can not be interpreted in terms of distributions and apparently is
not a solution to the Einstein-scalar eld equations without additional matter sources.
Second, we have extended the no-hair argument to the black hole interior and have shown
that there are no smooth solutions to the scalar model with a non-symmetric potential
which interpolate from the false vacuum inside (in the region with the timelike Killing
vector ∂t) and the true vacuum outside through the horizon(s).
One could ask whether it is possible to weaken some of the assumptions made in order
to reopen the possibility of such or similar congurations. The rst assumption is the
positivity and the shape of the potential. In fact, for static spherically symmetric cong-
urations one can invert the roles of the scalar eld φ and the potential V (φ): one chooses
the desired behavior of φ determining afterwards the potential through the equations.
In such a way some potentials were found for which scalar hair does exist [25, 26]. The
main problem here is, of course, whether these potentials are physically reasonable. The
second assumption is asymptotic flatness. It was found [27] that in an asymptotically de
Sitter spacetime scalar hair does exist within a similar model. Finally one could consider
a non-minimal coupling where no-hair theorems also get modied [28, 29].
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